A two-dimensional lattice hydrodynamic model with bidirectional flow is proposed with consideration of the continuous cumulative effect of delayed-time. The stability condition is obtained by linear analysis. Nonlinear analysis derived the mKdV equation to depict density wave of pedestrian congestion. The phase diagram shows the coexistence curve and the neutral stability curve. The neutral stability curve reveals the stable region and unstable region. The unstable region is shrunken with the increase of fraction c of east-bound and west-bound pedestrian from all pedestrians (c 0.5). Moreover, the increase of delay time can reduce the unstable region too. It indicates that the cumulative effect of delay time can effectively improve the stability of pedestrian traffic. In numerical simulation and analysis, we discuss the impacts of delay time and strength coefficient on pedestrian traffic. Results indicate that the cumulative effect of delayed-time and the increase of strength coefficient λ can improve the stability of pedestrian traffic under a certain conditions. INDEX TERMS Pedestrian traffic, lattice hydrodynamic model, stability analysis, nonlinear analysis. 168710 This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see http://creativecommons.org/licenses/by/4.0/ VOLUME 7, 2019
I. INTRODUCTION
Nowadays, the research of artificial intelligence has aroused great attention. AI research includes intelligent computing, big data analysis and machine learning, etc, where intelligent computing has been widely used in data intelligence [1] , brain-computer modeling [2] , and healthcare [3] by mimicking the functioning of the human brain to improve human decision-making. The conscious transport planning and decision-making are more and more expected [4] , [5] . Understanding and simulating the behaviors of evacuating people have been attracted more attention of scientists and engineers with the increase of vehicle possession rate and the limited of traffic resources in recent years [6] - [19] . Pedestrian flow dynamics is a kind of many-body system consisting of interacting individuals. In the procedure of its The associate editor coordinating the review of this manuscript and approving it for publication was Min Wang . evolution, many interesting physical or traffic phenomena related to the non-equilibrium phase transitions and various nonlinear dynamical phenomena, such as self-organization phenomena, noise-induced ordering, and collective phenomena in panic situations such as freezing by heating, the fasteris-slow effect and herding behavior etc., are observed [6] - [8] . Moreover, pedestrian movement is an important factor in the analysis and design of channels, traffic intersections, bridges, markets, and other public buildings [8] . It is necessary to know the characteristics, especially the pedestrian flow rate for rush hour and panic escape in order to avoid the unexpected accident. In the past research, many traffic models like continuum fluidic model [9] , [10] , [20] , [21] , cellular automaton & lattice gas model [13] - [17] , lattice hydrodynamics model [22] - [29] , emergency and evacuation models [18] , and artificial-intelligence-based models [19] , etc were proposed. The lattice hydrodynamic model (LH model) is first presented by Nagatani in 1998, which incorporates the idea of the microscopic optimal velocity model to describe traffic jams, and is a simplified version of the macroscopic hydrodynamic model [22] . The one-dimensional lattice hydrodynamic model was extended to the two-dimensional one to study the two-way pedestrian traffic like BML model. The mKdV equation to describe traffic jamming in the form of the kink-antikink density wave was derived from the lattice hydrodynamic model [23] , [24] . A single-pulse density wave was found by Kerner and Konhaüser in the numerical simulation of the hydrodynamic traffic model [30] . Kurtze&Hong studied the onset of instability for continuum traffic equation and demonstrated the traffic jamming is described by a soliton solution of KdV equation corresponding to the single-pulse density wave [31] . Komatsu and Sasa [32] have derived the modified KdV equation from the optimal velocity model to describe traffic jams in terms of a kink density wave. Muramatsu and Nagatani [33] have shown that the soliton density wave appears only near the neutral stability line. With the development of vehicular traffic flow theory, many extended lattice hydrodynamic models by introducing important real effects and environmental parameters, such as the backward looking effect [34] , [35] , the effect of interruption probability [38] , two-lane traffic flow lattice model [36] , [37] , [44] , drivers anticipation effect with passing, driver's delay effect and forecast effect, etc [39] - [43] , have been proposed. Ge and Cheng [35] considered the backward looking effect in the lattice hydrodynamic models and carried out the theoretical analysis and numerical simulation. The study confirmed the backward looking effect to some extent. Tang et al. [44] proposed the improved two-lane lattice hydrodynamic traffic model. Kang and Sun [40] proposed a new lattice hydrodynamic traffic flow model with explicit drivers' physical delay and illustrated the drivers physical delay affects stability of traffic flow. Redhu and Gupta [39] studied jamming transitions and the effect of the driver's anticipation effect with passing, etc. in LH model of traffic flow. Xue & Tian extended the lattice hydrodynamic model to two-dimensional bidirectional pedestrian traffic flow in 2009. They studied the formation mechanism of jamming in two-dimensional bidirectional pedestrian traffic and found the kink-antikink density wave of mKdV equation to describe traffic jams [25] , [26] .
Nagatani's lattice hydrodynamic model shows that the traffic flow can be adjusted through the optimal flow within a delay time [22] , but the downstream traffic flow continuously affects the current flow in the delay time. The persistent effect is called the cumulative effect of delay time. In pedestrian traffic, a pedestrian often selects a path to travel by individual decision-making over a period of time. Especially, pedestrians in room decide the direction of evacuation in delay time. Thus, it is necessary to study the procedure of evacuation in room or bidirectional pedestrian flow in public place with consideration of delay time. In section 2, a two-dimensional bidirectional pedestrian traffic flow model considering the continuous delayed optimal flow is proposed. Section 3 performs linear stability analysis to obtain stable condition. In Section 4, mKdV equation and corresponding solution is derived by nonlinear analysis. Section 5 carries out the numerical simulation to discuss the impact of strength coefficient λ of the delayed optimal flow and the delay time on pedestrian flow. Finally, some conclusions are given.
II. THE MODEL
The two-dimensional lattice hydrodynamic model is composed of the following flow equation and conservation equation. The continuous equation is:
where ρ x (x, y, t) and v x (x, y, t) respectively correspond to vehicle density and velocity in position x at time t along the x direction. Accordingly, the vehicle density and velocity in position y at time t along the y direction is denoted by ρ y (x, y, t) and v y (x, y, t), respectively. The pedestrians desire to adjust their flow to reach the optimal flow within reactive time τ in position x(y) at time t along the x(y) direction. The evolution equations of pedestrian flow are expressed as follows:
where ρ 0 represents the total average density and c denotes the fraction of east-bound vehicle or vehicles the x direction. When c = 1 or c = 0, the two-dimensional lattice hydrodynamic model transforms into a one-dimensional one. The optimal velocity function V (ρ) is given by Nagatani [22] :
where v max is the maximum velocity of traffic flow and the critical density ρ c is an inflection point of the optimal velocity function V (ρ). Pedestrians made a decision for the direction of evacuation over a period of time. Two-way pedestrian flow in public place attains the optimal flow within delay time, but the downstream optimal flow continuously plays an adjustment to current flows with consideration of the cumulative effect of delay time t d . Thus, the instantaneous evolution equation of flow and density at j th site are denoted as
where Eq. (6) is the discrete form of the continuous equation. The integral term in Eq. (7) represents the effect of downstream optimization flow on current flow within delay time t d . It can also be used as a feedback control. The sensitivity coefficient a is equal to 1/τ (reaction time) and the strength coefficient λ of the difference between the optimal flow at (j + 1) th site and flow at j th site reflects the downstream optimal flow continuously plays an adjustment to current flows in of the cumulative effect of delay time t d . Eliminating velocity v in equations (6) and (7), one obtains
We apply the equation (8) to two-dimensional pedestrian flow. As is shown in FIGURE.1, a four-way pedestrian traffic includes four types of pedestrian: eastbound pedestrian moves only to the positive x direction, westbound pedestrian moves only to the negative x direction, northbound pedestrian moves only to the positive y direction, and the other type of pedestrian (southbound pedestrian) moves only to the negative y direction. Assumed the ratio of eastbound and westbound pedestrians to all of pedestrian is c, southbound and northbound pedestrian possess 1-c percentage. The fraction of eastbound pedestrian in eastbound and westbound pedestrian is c 1 , and the proportion of northbound pedestrian in northbound and southbound pedestrian corresponds to c 2 percentage. The density of the eastbound, westbound, northbound and southbound pedestrians are expressed as ρ x+ (j, m, t), ρ x− (j, m, t), ρ y+ (j, m, t) and ρ y− (j, m, t), respectively. We use the j th and m th site to mark the x th and y th site, respectively. The density in the j th and m th position at time t can be written:
The evolution equation of density in the j th and m th position at time t for four-way pedestrian traffic can be expressed as follows:
, the evolution equation of the total density is rewritten as follows:
Eq.(13) can be transformed as the density evolution equation of one-dimensional lattice hydrodynamic model when c = 0, c 1 = 1 or c = 1, c 2 = 1. When the fraction c 1 = 1 and c 2 = 1, Eq.(13) became the density evolution equation of two-dimensional lattice hydrodynamic model.
III. LINEAR STABILITY ANALYSIS
The linear stability of Eq. (13) is analyzed to obtain stable condition. The pedestrian flow to reach a steady state is uniform flow. The uniform pedestrian flow is define by such a state as a pedestrian flow with constant density ρ 0 , constant velocity V (ρ 0 ) along any direction. The steady-state solution for equation (13) has the following expression:
Suppose y(j,m,t) to be a small perturbation from the steadystate solution: ρ(j,m,t) = ρ 0 + y(j, m, t). Then, the linearization equation is derived from equation (13).
where V (ρ 0 ) = (dV(ρ)/dρ)| ρ=ρ 0 . Expanding y(j,m,t) in the Fourier-modes: y(j, m, t) ∼ exp(ik(j + m) + zt), we obtain the following equation.
By expanding z = z 1 (ik) + z 2 (ik) 2 + . . . and substituting it into Eq.(15) leads to the following equation.
Based on the above equation, the first-and second-order terms of coefficients z are yielded, respectively.
If z 2 is a negative value, the uniform steady-state flow becomes unstable pedestrian flow for long-wavelength modes. When z 2 is a positive value, the uniform flow is stable. The neutral stability condition is obtained as follows
where g = (cc 1 ) 2 2 . When the strength coefficient λ = 0, and the fraction c = 0 and c 1 = 1, equation (19) is transformed as the stability condition of Nagatani's original one-dimensional lattice hydrodynamic model in traffic system. approaches to zero when λ = 0.5, τ = 0.5 and c 2 = 0.7. It indicates the cumulative effect of the delay time t d improves the stability of pedestrian traffic.
IV. NONLINEAR ANALYSIS
We study on the nonlinear behavior in the unstable region just below the critical point by nonlinear analysis for the density evolution equation (13) of pedestrian traffic system. Because the correlative characteristics near the critical point display a long-range correlation, thus we study a long wavelength mode of system by using the reductive perturbation technique. In the reductive perturbation method, the transformation of scale for the slow variables is carried out. Under the weak nonlinear conditions, some nonlinear wave behaviors are revealed by the reductive perturbation method. The slow scales for space variable j, m and time variable t in Eq. (13) are abstracted [24] . The slow variables X and T for long wavelength mode near the critical point a c are defined as follows:
where b is a undetermined constant, ε is the slow variables, and 0 < ε 1. The instantaneous density is given by:
Expanding equation (13) to the fifth-order of ε by using equations (20) and (21) , one obtains:
The second-and third-order terms of ε is eliminated from Eq.(22) by taking b = (−1)ρ 2 0 gV (ρ c ). The sensitivity a value near the critical point a c is a = a c /(1 + ε 2 ), and the critical point
Thus, the Eq. (22) is simplified as
In order to derive the high order regularized equation, we carry out the transformations as T and R, shown at the bottom of this page.
The mKdV equation with O(ε) term is given by
The solution of the mKdV equation (24) is obtained as follows:
where R 0 (X , T ) = R (X , T ) − εR 1 (X , T ), c = 5g 2 g 3 /(2g 2 g 4 − 3g 1 g 5 ).
The solution of kink-antikink waves is:
The solution of kink-antikink waves shows the coexisting phase that consists of the freely moving phase with low density and the jamming phase with high density. The coexistence curve is shown in FIGURE.2 by dotted line. According to the stability analysis and nonlinear analysis, FIGURE.2 is divided into three regions: instability region below the neutral stability line, the metastable state region between the neutral stability line and coexistence curve, and stability region above coexistence curve. The coexistence curve in FIGURE.2 is represented by dotted lines for the different strength λ of feedback control and the fraction c.
V. NUMERICAL SIMULATION
Numerical simulations will be carried out for the twodimensional lattice hydrodynamic model with bidirectional pedestrian flow described by Eq. (13) under the periodic boundary condition. The initial density of uniform pedestrian flow is chosen as ρ(j, m, 0) = ρ 0 = ρ c = 0.25. The local densities ρ(L/2, L/2,1) and ρ(L/2-1, L/2-1,1) at sites (L/2, L/2) and (L/2-1, L/2-1) at time t = 1 are set as 0.1 and 0.3 where L is the system size L = 100.
FIGURES.4 shows the critical point a c versus the fraction c for c 1 = c 2 = 0.1. The critical point a c decreases with increase of delay time t d and strength coefficient λ when fraction c of the eastbound and westbound pedestrian is less than or equal to 0.5(c 0.5). On the contrary, fraction c of the eastbound and westbound pedestrian exceeding to 0.5 will leads to the increase of the critical point a c . The critical point a c do not remarkably decreases even if increasing the of the north-bound pedestrian from north-bound and southbound pedestrian when fraction c 2 is less than or equal to 0.5(c 2 0.5). Apparently, the number of pedestrians along each direction in bidirectional pedestrian flow has a great impact on pedestrian traffic. When fraction c of the eastbound and westbound pedestrian or fraction c 2 of the north-bound pedestrian from north-bound and south-bound pedestrian is less than or equal to 0.5( 0.5), pedestrian traffic is not easy to block with increase of delay time t d and strength coefficient λ. Instead, the increases of the fraction c of eastbound and westbound pedestrian or the fraction c 2 of the north-bound pedestrian from north-bound and south-bound pedestrian causes congestion of bidirectional pedestrian flow when fraction c of the eastbound and westbound pedestrian or fraction c 2 of the north-bound pedestrian from north-bound and southbound pedestrian is more than 0.5(>0.5).
VI. CONCLUSION
In this paper, a two-dimensional lattice hydrodynamic model with bidirectional flow is proposed with consideration of the cumulative effect of delayed-time. The stability condition is obtained via linear stability analysis. The neutral stability curve shows the delayed-time t d and the strength coefficient λ effectively improve the stability of pedestrian traffic. And the unstable region in the neutral stability line is shrunken with increasing the fraction c of east-bound and west-bound pedestrian from all pedestrian for c 1 = c 2 = 0.1. Similarly, the increase of fraction c 2 of north-bound pedestrian from south-north-bound pedestrian has the same effect. The mKdV equation to describe density wave of pedestrian congestion is derived by using nonlinear analysis method. The solution of the kink-antikink density wave corresponding to mKdV equation is obtained. Numerical simulation is carried out for the two-dimensional lattice hydrodynamic model with bidirectional pedestrian flow under perturbation. We discuss the variation of the critical point a c with the cumulative effect of delayed-time, fraction c of east-bound and westbound pedestrian from all pedestrian and fraction c 2 of northbound pedestrian from south-north-bound pedestrian. Results indicate that the cumulative effect of delayed-time and the increase of strength coefficient λ benefit the stability of pedestrian traffic when the fraction c of east-bound and westbound pedestrian from all pedestrian or fraction c 2 of northbound pedestrian from south-north-bound pedestrian is less than or equal to 0.5(c 0.5 or c 2 0.5). Inversely, the increase in pedestrians (c > 0.5 or c 2 > 0.5) may have the opposite effect. It illustrates a large number of pedestrians easily results in blocking pedestrian traffic even if the increase of delayed-time and strength coefficient.
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